This paper examines the finite sample properties of the Quasi-Maximum Likelihood Estimator (QMLE) of the Logarithmic Autoregressive Conditional Duration (Log-ACD) model. Proofs of consistency and asymptotic normality of the QMLE for the log-ACD model with a log-normal density are presented. This is an important issue as the Log-ACD is used widely for testing various market microstructure models and effects. Knowledge of the distribution of the QMLE is crucial for purposes of drawing valid inferences and diagnostic checking. The theoretical results developed in the paper are evaluated using Monte Carlo experiments. The experimental results also provide insight into the finite sample properties of the Log-ACD model under different distributional assumptions. Finally, this paper presents two extensions to the Log-ACD model to accommodate asymmetric effects. The practical usefulness of the new models is evaluated using empirical data from Australian stocks.
Introduction
An accurate description of the dynamics of duration between stock price changes has important implications and applications for the analysis of financial markets. Engle and Russell (1997) proposed the Autoregressive Conditional Duration (ACD) model, which assumes that the duration between price changes follows a process similar to that of Bollerslev's (1986) Generalised Autoregressive Conditional Heteroscedasticity (GARCH) model. Both models are based on dynamic time series processes in the underlying variables. Due to the structural similarity between the GARCH and ACD models, Engle and Russell (1997) provided a proof of consistency and asymptotic normality for the QMLE of the ACD model following the approach of Lee and Hansen (1994) , arguing that the theoretical results could be applied directly to the ACD model. Based on this result, researchers have subsequently proposed numerous extensions to the ACD model in a similar manner to the extensions of the GARCH model (for a discussion of the structural and statistical properties of a variety of univariate and multivariate conditional volatility models, see McAleer (2005) ). These extensions include Bauwens and Giot's (2000) Logarithmic ACD (Log-ACD) model, Dufour and Engle's (2000) This paper is concerned with the asymptotic and finite sample properties of the Quasi-Maximum Likelihood Estimator (QMLE) for the Log-ACD model. The motivation is two-fold. First, Engle and Russell (1997) derived the asymptotic properties of the ACD model based on the results of Lee and Hansen (1994) for the GARCH model. However, such asymptotic properties are not yet available for the volatility counterpart of the Log-ACD model, namely Nelson's (1991) Exponential GARCH (EGARCH) model. Therefore, the distribution of the QMLE for Log-ACD is still unknown, which is particularly important as the ACD model is often used for testing hypotheses about the market microstructure. Thus, the distribution of QMLE is crucial for purposes of drawing valid inferences and diagnostic checking. Second, in the GARCH literature the standardised residuals are often assumed to be normally distributed. The QMLE based on the normal density has been proved to be consistent and asymptotically normal under fairly general conditions (see Ling and McAleer (2003) ). However, the assumption of normality cannot be applied to ACD (or Log-ACD) models as the standardised residuals of these models are required to be positive. The Weibull, exponential, generalised gamma and log-normal are four of the most widely used probability density functions (pdf). A natural question is the nature of the statistical properties of QMLE for the Log-ACD model based on a variety of alternative probability distributions.
This paper established proofs of consistency and asymptotic normality of the QMLE for the Log-ACD model with log-normal density. The theoretical results developed in the paper are evaluated using Monte Carlo experiments. The experimental results also provide insight into the finite sample properties of the Log-ACD model under different distributional assumptions.
Moreover, the relationship between the Log-ACD and the Autoregressive Moving Average (ARMA) model will also be discussed in detail. As the structural and statistical properties of the ARMA process are well established, the properties for the ARMA model will also apply to the Log-ACD model. Moreover, the statistical properties of the ARMA model with exogenous variables (ARMAX) will also apply to the Log-ACD model with exogenous variables. This is particularly important as ACD models with exogenous variables are often used for purposes of testing hypotheses about market microstructures. Therefore, these properties are crucial for ensuring valid inferences and diagnostic checking.
The second part of the paper proposes two alternative methods for accommodating asymmetric effects. The Log-ACD model assumes that the duration between price movements is affected only by the previous duration but not by the direction of the price change. However, since the market frequently has a different attitude to price rises as compared with price falls of equal magnitude, it is important to examine how the direction of the price movement affects the future duration.
Although many alternative asymmetric ACD models have been proposed in the literature, including Zhang, Russell and Tsay's (2001) Threshold ACD (TACD) model, and Hujer, Kokot and Vuletic's (2003) Markov Switching ACD (MSACD) model, these models often lack structural and/or statistical properties and can be difficult to estimate. Moreover, using these models for purposes of testing hypotheses about market microstructure is not always straightforward. However, the methods proposed in this paper are simple and straightforward to implement in practice. Moreover, the structural and statistical properties of the Threshold Autoregressive (TAR) model and ARMAX model can be applied directly to the two new asymmetric models that are proposed in this paper.
The empirical performance of the models will be examined using tick-by-tick data for eight Australia shares that are traded on the Australia Stock Exchange (ASX).
The remainder of the paper is organised as follows. Section 2 discusses the Log-ACD model and the distributions that are most frequently used for obtaining the QMLE. A novel method of estimation is also proposed. The statistical properties of QMLE for the Log-ACD model with lognormal density will be analysed in detail. Section 3 provides the Monte Carlo experiments and numerical results to examine the finite sample properties. Section 4 presents two new models for accommodating asymmetric effects. The data are discussed in Section 5. Empirical examples and estimates are given in Section 6. Finally, Section 7 contains some concluding comments. Engle and Russell (1994) proposed the Autoregressive Conditional Duration (ACD) model as follows:
Model Specifications and Theoretical Results

ACD Model
where x i is the duration and ε i is the independently and identically distributed (iid) innovation.
The connection between the structures of the ACD and GARCH models is obvious. Considering y i = x i (which always holds as duration is always positive), then y i essentially follows a GARCH(p,q) process.
As x i is positive for all i, it is natural to assume that ψ i and ε i are both positive.
Mathematically, ε i can follow any distribution F (x) with probability P(x < 0) = 0 . A sufficient condition to ensure the positivity of ψ i is ω > 0,α i > 0 ∀i = 1,..., p and β i ≥ 0 ∀i = 1,...,q . This condition is identical to that of the GARCH model for ensuring that the conditional variance is positive.
However, as this sufficient condition may be too restrictive in some cases, Bauwens and Giot (2000) resolved the issue by proposing the Logarithmic ACD (Log-ACD) model, as follows:
Note that E(ε i ) = ν > 0 , so that
where i I is the information set available up to the th i price change. Let exp(φ i ) = ν exp(ϕ i ) , with
, and equation (2) can be rewritten as
where η i = ε i ν . Equation (3) is more convenient for purposes of obtaining the QMLE as E(η i ) = 1 , and hence avoids potential identification problems.
The parameters in model (3) can be estimated by the Maximum Likelihood method. Let l(θ) be the log-likelihood function with parameter vector ( ', ') ' 
However, the functional form of the likelihood function depends on the distribution of i η .
Mathematically, η i can follow any distribution function, F(x) , such that P(x < 0) = 0 . Some of the most popular choices for the distribution of η i , and their density functions, are as follows:
1. Lognormal distribution:
2. Weibull distribution:
3. Generalised Gamma distribution:
4. Exponential distribution:
where m denotes the location parameter, s denotes the scale parameter, g and k denote the additional scale parameters, and Γ(k) is the gamma function, such that
The log-likelihood function in each case is given by equation (4), with ( , )
i f x λ replaced by the appropriate density function.
In practice, the true distribution of η i is seldom known, such that λ , as defined in equation (5), will be the Quasi-MLE (QMLE) rather than the MLE. Engle and Russell (1997) suggested using the Bollerslev-Wooldridge (1992) robust covariance matrix, ( ) H λ , instead of the asymptotic covariance matrix, to obtain the variance for λ , where
Although several papers have attempted to derive the moment conditions for the ACD and Log-ACD models (see, for example, Bauwens, Galli and Giot (2003) ), the statistical properties of the QMLE for the Log-ACD model are still unknown (see Ghysels and Jasiak (1997) and Feng, Jiang and Song (2004) ).
Another interesting feature of the Log-ACD model is the possibility of linearising the process.
Note that
where µ i = logη i . Under the assumption that η i follows a log-normal distribution, this implies that µ i follows a normal distribution. Therefore, the log-likelihood function for (11) can be written as
Equation (11) models the logarithm of duration rather than duration itself. Proof: See Appendix.
Remark 1:
It is straightforward to show that the conditional likelihood for equation (13) is equivalent to that of equation (12), so that the existing structural and statistical properties of the ARMA(p,q) model can be applied directly to the model given in equation (11). The statistical properties of the QMLE under a log-normal density will be presented in the next sub-section. The finite sample performance of this estimation method will be analysed in Section 3.
Theoretical Results
This section establishes the statistical properties, namely consistency and asymptotic normality of the QMLE with a log-normal density for the Log-ACD model, as defined in equation (3). The moment structure of the log-ACD model has been established in Bauwens, Galli and Giot (2003) .
Consider the Log-ACD model, as defined in equation (3). The associated log-likelihood function with a log-normal density is defined as 
where 
Assumption 2 can be replaced by any conditions that ensure the stationarity and ergodicity of the duration process. The conditions of the existence of moments can be found in Bauwens, Galli and Giot (2003) . Assumption 3 ensures the invertibility of the process and identification of the parameters. Moreover, Assumption 3 is likely to be a sufficient condition for Assumption 2. If this is the case, then Assumption 2 can be omitted. Assumption 4 is needed to ensure the existence of the first two moments of log i x , which is required for the log-normal density.
Proposition 2:
Under Assumptions (1)-(4), the Quasi-Maximum Likelihood Estimator (QMLE) in equation (14) for the log-ACD model, as defined in equation (3), is consistent, that is,
Proof: See Appendix.
Proposition 3:
Under Assumptions (1)-(4), the Quasi-Maximum Likelihood Estimate (QMLE) in equation (14) for the log-ACD model, as defined in equation (3), is asymptotically normal,
Remark 2:
The results in Propositions 2 and 3 apply explicitly to the Log-ACD model, as defined in equation (3), where the standardised residual, i η , has a unit mean. It is unclear whether these results hold for models, as defined in equation (2), where the standardised residuals, i ε , may have a mean that is different from unity. This should not pose a serious problem in practice as estimation is typically conducted for a Log-ACD model, as specified in equation (3), rather than the alternative specification, as defined in equation (2).
Finite Sample Properties
This section provides Monte Carlo evidence for the finite sample properties of the MLE and the QMLE, as defined in equation (5). The Data Generating Process (DGP) for each of the realisations is given by:
The steps for the Monte Carlo analysis in this section are as follows:
1. For each of the distributions as defined in equations (6)-(9), the DGP defined above will be used to generate realisations with sample sizes of 500, 1000 and 3000.
2. The parameters of the Log-ACD models will be estimated from the realisations generated in step 1 above by maximising the log-likelihood functions, as defined in equation (5), based on the distributions defined in equations (6)- (9) and the log-likelihood function defined in equation (4).
3. Repeat Steps 1 to 2 above 3000 times, so that there are 3000 replications.
The first set of results given in Tables 2a-2c (12) is a monotonic transformation of the likelihood function based on the log-normal density, as defined in equation (6). Although the transformation does not affect the estimates, it does affect the standard deviation of the estimates, as can be seen in Tables 2a-2c , as well as for the other three distributions that are not shown here. The (Q)MLE produce seemingly unbiased estimates of the parameters. Regardless of the true underlying distribution, the (Q)MLE by assuming the log-normal, Weibull and normal densities seem to be robust and asymptotically normal, which is supported by the skewness and kurtosis of the t-ratios for the estimates. As the sample size increases, the skewness and kurtosis of the (Q)MLE under the log-normal, Weibull and normal densities tend towards 0 and 3, respectively. In addition, as the sample size increases, the Jarque-Bera Lagrange multiplier statistics also generally lead to non-rejection of the null hypothesis of normality. Moreover, the convergence rates seem to be faster for MLE than for QMLE in these cases, which is not surprising as MLE should be more efficient than QMLE.
Although not shown here, the finite sample properties of the QMLE under the assumption of the generalised gamma and exponential distributions are less than desirable in some cases. The problem with the generalised gamma distribution is due partly to the difficulties in obtaining robust and accurate numerical derivatives of the likelihood functions for purposes of maximisation. This could be improved by specifying the analytical derivatives of the likelihood function in the optimisation routine. The problem with the exponential distribution is more basic.
In many cases, the exponential distribution simply does not have the flexibility to approximate the true underlying distribution, which leads to poor finite sample properties, even though the QMLE with exponential density may be asymptotically normal.
These Monte Carlo results suggest that the choice of density to determine the likelihood function is important. The density should be sufficiently flexible to provide a good approximation to a wide range of distributions, but also sufficiently accurate so that it does not induce unnecessary numerical difficulties.
Asymmetric Log-ACD Model
The Log-ACD model, as defined in equation (3), assumes that the conditional duration is affected by the previous duration but not by the direction of the previous price change. In other words, the model assumes that a positive price change has the same impact on the duration for the next price movement as does a negative price change of similar magnitude. It is important to note that the movements in both bid and ask prices contain important information regarding the overall performance of the stock. Thus, it would not seem reasonable to assume that the frequency of price changes is unaffected by the direction of previous price changes.
There are numerous models that extend the basic ACD model in a variety of ways. This paper proposes two straightforward methods of accommodating asymmetry into the basic ACD model. Bauwens and Giot (2006) refer to 'first generation ACD' models, which begin with the linear ACD model of Engle and Russell (1998) and the logarithmic ACD (Log-ACD) model of Bauwens and Giot (2000) , together with further extensions into augmented ACD classes by Fernandes and Grammig (2006) , and Hautsch's (2006) For this reason, two asymmetric Log-ACD models are proposed here to capture the asymmetric properties of the conditional duration. Model 1 uses an indicator function to capture asymmetric effects in a similar manner to that of the Glosten, Jagannathan and Runkle (1992) GJR model for capturing asymmetric effects in models of conditional volatility. Model 2 accommodates asymmetric effects by using dummy variables. Although both models are intended to capture asymmetric effects, the interpretation of the two models is quite different. Thus, they should be viewed as complementary rather than competing models. In addition, it is important to note that Models 1 and 2 can be rewritten as Threshold Autoregressive Moving Average (TARMA) and ARMAX models, respectively. Hence, the structural and statistical properties of the proposed models can be easily established using existing theoretical results, which will facilitate the testing of various hypotheses regarding the market microstructure.
Model 1: Asymmetric Log-ACD using an indicator function (ALACDI)
The first approach to accommodate any asymmetric effects is similar to that of the Glosten, Jagannathan and Runkle (1992) GJR model for capturing asymmetric effects in conditional volatility models. Let i D be an indicator function, such that Using a similar argument as presented in the previous section, equation (16) can be rewritten as a
Threshold Autoregressive Moving Average (TARMA) model. However, unlike the standard TAR model in the non-linear time series literature, where the threshold value is a parameter to be estimated, the threshold value in this case is fixed at 0. More importantly, the structural and statistical properties developed for the TAR model can then be applied directly to equation (16) (see Tong (1983) , Chan and Tong (1986) , and Hansen (2001) for further details regarding the structural and statistical properties of TAR models).
Model 2: Asymmetric Log-ACD Model using Exogenous Variables (ALACDX)
The second approach to accommodate asymmetric effects is to augment the original Log-ACD model by including some exogenous variables. In this case, the model can be defined as
where i D is an indicator function, as defined in equation (15), and ji X denotes the value of the th j exogenous variable at the th i price change.
In our subsequent empirical analysis, we adopt bid and ask volume as the exogenous variables.
Blume, Easley and O'Hara (1994) investigate the informational role of volume traded and show that it is potentially useful for technical analysis. In their model, volume statistics provide information about information precision that cannot be deduced from price statistics alone.
Volume may convey additional information to price but the link between information asymmetry and volume traded is not necessarily linear. Kyle (1985) was one of the first to develop a model whereby a single trader, presumed to have a monopoly on information, places orders over time so as to maximize trading profit before the information becomes common knowledge. Barclay and Warner (1993) find that informed traders concentrate their orders on medium-sized trades. They examined the proportion of a stock's cumulative price change that occurs in each trade-size category using transactions data for a sample of New York Stock Exchange (NYSE) firms. The stealth trading hypothesis suggests that, if privately informed traders concentrate their trades in medium sizes, and if stock-price movements are due mainly to private information revealed through these investors' trades, then most of a stock's cumulative price change will occur on medium-size trades. Their findings supported the stealth trading hypothesis, which suggests there will not necessarily be a simple relationship between volume and price duration.
Volume at the bid and ask is a common way of viewing market depth. Does net buy and net sell volume of the same size convey the same amount of information? Karpoff (1988) advances an argument that short selling restrictions may prevent insiders from exploiting negative information in the stock market. This suggests that higher information content might be attached to buy orders as compared with sell orders. There is some evidence in support of this short selling hypothesis in Karpoff (1988) , Madhavan/Smidt (1991) , and Chan and Lakonishok (1993) . This argument also provides further impetus in support of our asymmetric ACD model.
Note that it is straightforward to show, using similar arguments to those presented in the previous section, that equation (17) can be rewritten as an ARMAX model. Hence, the structural and statistical properties developed for the ARMAX model can be applied directly to equation (17) without modification.
As mentioned previously, the interpretations of the two models are quite different. Model 1 suggests positive and negative price movements have different effects on the short run persistence of conditional durations. However, Model 2 suggests that the unconditional expectation of duration is different for positive and negative price movements. Thus, these models accommodate two different asymmetric effects on the conditional duration. The empirical performance of the two models will be examined in the next section.
Data
The two asymmetric models were applied to eight shares listed on the Australian Stock Exchange The summary statistics and their sample sizes are given in Table 1 .
The calculation of duration follows Engle and Russell (1998) , and the data are further filtered by the cubic spline method, as suggested in Engle and Russell (1998) , to remove the time-of-day effects.
Empirical Results
Tables 3a-3d contain the parameter estimates of Models (3), (16) and (17) for ANZ. In order to save space, the tables for the remaining seven companies are not reported, but are available upon written request. For all companies, each model was estimated four times with different distributional assumptions, namely the log-normal, Weibull, exponential and normal distributions, as discussed in Section 2. The generalised gamma distribution is omitted due to its computational difficulties, as outlined in Section 3. Additional exogenous variables, namely the bid and ask volumes, are also included in the ALACDX model to examine the impact of traded volumes in the previous price change on the duration of the subsequent price change.
The Ljung-Box Q-statistics and the BDS statistics are also calculated using the standardised residuals for each case. The results support serial independence in the standard residuals, which support the consistency of the QMLE. However, the Kolmogorov-Smirnov test provides strong evidence to reject the null hypothesis of the assumed distribution in each case, which indicates that the underlying distribution is unlikely to be the correct distribution. However, the existence of some outliers and extreme observations may be the cause of these test outcomes, and would be an interesting area for further research.
Banking Industry
As shown in Tables 3a-3d for ANZ, the α and β estimates are positive and significant for ANZ, and also for CBA, for each of the four estimated models. These results suggest that past durations are helpful in predicting the duration before the next price change. However, there is no evidence to support asymmetric effects on duration from price changes as both the γ and δ estimates are insignificant for both banks. Interestingly, both the 1 λ and 2 λ estimates are positive and significant in each case, indicating that the traded bid and ask volumes at the last price change have a positive impact on duration. In addition, the inclusion of the bid and ask volumes also has a negative news impact on the β estimates, which suggests that the correct specification of the model is crucial for obtaining valid inferences and diagnostic checks. Moreover, the problem of omitted variables could have important implications for the interpretation of the various models.
The long run persistence of past duration on future conditional duration would also appear to be substantially lower when the bid and ask volumes are included in the analysis. The estimates have different values for the two banks, and the differences are most pronounced in the asymmetric models that include bid and ask volumes.
Mining and Energy Industry
The estimates for BHP and WPL, which represent the mining and energy industry of Australia, are not presented here. However, as in the case of the banking industry, the α and β estimates are positive and significant for both BHP and WPL, indicating that past durations contain important information about the future duration of price changes. Although there is no evidence for asymmetric effects on duration from price changes, traded bid and ask volumes appear to have significant and positive effects on the conditional duration as 1 λ and 2 λ are both positive and significant. Again, the inclusion of the bid and ask volumes has a negative impact on the β estimates. Moreover, the long run persistence of past duration on future conditional duration would appear to be lower when the bid and ask volumes are included in the analysis.
Retail Industry
Estimates for CML and WOW, which are two of Australia's largest retail corporations, are such that, as in the previous results, the α and β estimates are positive and significant for both
corporations. There appears to be an asymmetric effect on the conditional duration from previous price changes as the δ estimates are negative and significant in all cases except one, namely it is not significant for CML under the exponential distribution. This would suggest that the presence of asymmetric effects would be industry dependent. In addition, the coefficients of the bid and ask volumes continue to be positive and significant. The large differences in estimates occur in the context of the asymmetric model after the inclusion of volume statistics.
Transport and Telecommunication Industries
The parameter estimates for QAN and TLS, which represent the air and telecommunications industries for Australia, respectively, are such that, somewhat interestingly, both the δ and γ estimates are significant, but with opposite signs. This would suggest that a negative price shock has lower short run persistence on the conditional duration but has a positive impact on future conditional duration. In other words, a negative price change will lead to a longer duration before the next price change, but the impact will not last as long as a positive price change. Again, bid and ask volumes play important roles in determining future duration as the estimates of 1 λ and 2 λ are both positive and significant for QAN. However, the results for TLS are qualitatively identical to those of the banking industry. No evidence is found for asymmetric effects on duration from price changes, but the estimates of 1 λ and 2 λ are both positive and significant, which indicates the importance of the bid and ask volumes in predicting the duration for the next price change.
Bootstrapped Confidence Intervals
Section 2 showed that the QMLE based on the log-normal density is consistent and asymptotically normal for the log-ACD model. It is, however, unclear whether the same results hold when different densities are used to construct the QMLE. Moreover, although the Monte Carlo results presented in Section 3 provided support for the theoretical results, the usefulness of the asymptotic results in finite samples is still unclear from an empirical perspective. Therefore, this section compares the bootstrapped confidence intervals and the confidence intervals constructed by using the robust standard errors (asymptotic confidence intervals) of the estimates obtained in the empirical section.
As reported in the empirical section, the diagnostic tests indicated that the standardised residuals of the Log-ACD model under different distributional assumptions are IID in all cases, but the residuals did not follow any of the assumed distributions. Therefore, bootstrapping techniques can be used to provide an accurate approximation of the underlying distribution of the QMLE in finite samples. Thus, comparing the bootstrapped confidence intervals and the asymptotic confidence intervals will provide insight into the applicability of asymptotic normality in finite samples. The bootstrapped confidence intervals are constructed by using the percentile method, as proposed in Efron and Tibshirani (1993) .
Tables 4a-4d provide the estimates of the Log-ACD model, their bootstrapped confidence intervals and the asymptotic confidence intervals for the eight companies using four different densities, namely the log-normal, Weibull, exponential and normal distributions. The Generalised
Gamma distribution is not used in this section due to the computational difficulties, as mentioned previously. The widths of both confidence intervals are also presented for purposes of comparison. In addition, the asymptotic confidence intervals assume symmetry, whereas bootstrapped confidence intervals do not impose such an assumption. Therefore, a measure of asymmetry is also presented in Tables 4a-4d to examine the symmetric property of the confidence intervals in finite samples.
Let θ denote the QMLE of θ , and let L θ and U θ , respectively, denote the lower and upper bounds of the confidence interval for θ . A simple measure of asymmetry can be calculated as
Obviously, if the confidence interval is symmetric, then 0
confidence interval is positively (negatively) skewed.
As shown in Tables 4a and 4d , the asymptotic confidence intervals and the bootstrapped confidence intervals from the log-normal and normal densities are reasonably symmetric. In addition, the bootstrapped confidence intervals are subsets of the asymptotic confidence intervals.
This demonstrates efficiency gain in the estimates from the bootstrapping method.
However, in the cases of the Weibull and Exponential densities, the symmetric assumption does not hold in some cases, especially for the estimates of ω and β , as shown in Tables 4b and 4c .
The presence of asymmetry leads to the bootstrapped confidence intervals being wider than the asymptotic confidence intervals. This suggests that the asymptotic confidence intervals may provide a poor approximation in finite samples when the Weibull and Exponential distributions are used to obtain the QMLE.
Concluding Remarks
The paper examined the finite sample properties of the Quasi Maximum Likelihood Estimator Two asymmetric Log-ACD models were developed to capture any asymmetric properties of the conditional duration. The objective was to capture any asymmetric or 'leverage' type behaviour in the conditional expected duration. The results suggested that the conditional expected duration was not only persistent, but also reacted to information shocks in asset returns in the form of positive versus negative price movements. It is frequently argued that trading activity and asset return volatility are correlated with the intensity of market information flow, which means that trading becomes more intensive as the information flow intensifies. This also means that increases in information flows will tend to be associated with shorter durations.
It has also been suggested that investors trading on information might try to hide the fact that they have information by trading in small parcels. The analysis of volume effects was generally consistent with such an empirical observation as bid and ask volumes appeared to be positively correlated with price durations. The empirical results are consistent with the argument that the intensity of information disclosure impacts on both price durations and trading volumes. A1 is satisfied automatically by Assumption 1. For A2, notice that For A3, let
and it is obvious that
(1) and (2), ( )
Now, consider the following maximisation problem: Therefore, the likelihood function converges to a non-stochastic function which attains a strict local maximum at 0 λ . These imply Conditions A1 to A3 are satisfied under Assumptions (1)- (4) 
, where
First, consider the following first and second order partial derivatives 1,...,
Under Assumption 1, B1 is satisfied by examining the derivatives above directly. For B2, it is sufficient to verify that
2 2 2 2 6 1 log 1 ( ) ( ) 2
and, under Assumptions 2 and 4, it follows that ( ) 
. 
, where c is a constant vector with the same dimension as λ . Notice that T S is a martingale array with respect to the information set, 1
by the given assumptions. Using the Central Limit Theorem of Stout (1974) , 
